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Global exponential stability of hybrid bidirectional associative memory neural networks
with discrete delays
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In this paper, the dynamical characteristics of hybrid bidirectional associative memory neural networks with
constant transmission delays are investigated. Without assuming symmetry of synaptic connection weights and
monotonicity and differentiability of activation functions, Halanay-type inequalities~which are different from
the approach of constructing Lyapunov functionals! are employed to derive the delay-independent sufficient
conditions under which the networks converge exponentially to the equilibria associated with temporally
uniform external inputs. Our results are less conservative and restrictive than previously known results.
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I. INTRODUCTION

During recent decades, a class of neural networks rel
to bidirectional associative memory~BAM ! has been pro-
posed@1#. These models generalized the single-layer auto
sociative Hebbian correlator to a two-layer pattern-matc
heteroassociative circuit. Therefore, this class of netwo
possesses good application prospects in the areas of pa
recognition, signal and image processing, etc. In Kosk
investigation of the global stability of BAM models, the s
vere constraint of having a symmetric connection weight m
trix had to be satisfied. However, from the viewpoint of bi
logical neural networks and their implementations using v
large scale integrated circuit or optical technology, it is i
possible to maintain an absolutely symmetric connect
weight matrix. Thus, investigation of the stability of BAM
networks with asymmetric connections has been a focu
this field. Recently, a two-layer heteroassociative netwo
referred to as a BAM model with axonal signal transmiss
delays, was proposed by Gopalsamy and He@2# and by Liao
et al. @3,4#, which led to important advances in many fiel
such as pattern recognition, automatic control, and so
The stability of this type of network has been extensiv
studied. Interested readers may refer to@2–8,17#.

However, all the existing investigations of BAM mode
with delays were restricted to pure-delay models@2–8,17#. A
hybrid model in which both instantaneous and delayed
naling occur@9–16# has not been studied for BAM neura
networks. We also note that some papers are concerned
with the stability properties of pure-delay BAM mode
@2–7,17#, without providing any information about the tran
sient responses and decay rates~i.e., exponential conver
gence rates!. To the best of our knowledge, a general dela
independent result concerning the properties of trans
responses and convergence rates has not been applied
hybrid BAM models with delays@2–8,17#.

In this paper, the convergence dynamics of hybrid bi
rectional associative memory neural networks with cons
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transmission delays is studied in detail. In the model,
synaptic connection weights are assumed asymmetric and
nonlinear activation functions are not necessarily differe
tiable, monotonic, or nondecreasing. By using Halanay-ty
inequalities, we obtain a set of easily verifiable dela
independent sufficient conditions for the hybrid BAM wit
delays to converge exponentially to the equilibria associa
with temporally uniform external inputs introduced from ou
side the network. Our results are less conservative and
strictive than the previously known results, as illustrated
an example.

II. GLOBAL EXPONENTIAL STABILITY

We investigate the existence and exponential stability
the unique equilibrium of hybrid bidirectional associativ
memory neural networks described by

dxi~ t !

dt
52aixi~ t !1(

j 51

p

wji sj„yj~ t !…1(
j 51

p

wji
t sj„yj~ t2t j i !…

1I i ,
~1!

dyj~ t !

dt
52bjyj~ t !1(

i 51

n

v i j si„xi~ t !…1(
i 51

n

v i j
t si„xi~ t2s i j !…

1Jj

for i P$1,2,...,n%, j P$1,2,...,p%, t.0. In Eq. ~1!, xi(t) and
yj (t) denote the membrane potentials of thei th neurons from
the neuronal fieldsFX andFY , respectively;wji ,wji

t ,v i j ,v i j
t

denote the synaptic connection weights;I i andJj denote the
external inputs to the neurons introduced from outside
network;s i j .0 andt j i .0 denote the time delays require
for neural processing and axonal transmission of signalsai
.0 andbj.0 denote the rates with which thei th neurons
from the neuronal fieldsFX andFY , respectively, reset thei
potentials to their resting states when isolated from ot
neurons and inputs;si( ) andsj ( ) denote the nonlinear acti
vation functions. Some authors have studied a pure-de
model ~with wji 50,v i j 50). However, a hybrid model in
©2003 The American Physical Society01-1
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which both instantaneous signaling and delayed signaling
cur ~with wji Þ0,n i j Þ0,wji

t Þ0,v i j
t Þ0) has not yet been in

vestigated.
The nonlinear activation functionssi( ) and sj ( ) are as-

sumed to satisfy the following requirements:

si ,sj :R→R,

usi~u!2si~v !u<Li uu2vu, usj~u!2sj~v !u<M j uu2vu,
~2!

usi~u!u<Ai,1`, usj~u!u<Bj,1`

for i P$1,2,...,n%, j P$1,2,...,p%,u,vPR, where Li.0 and
M j.0 denote the Lipschitz constants andAi.0, Bj.0 are
constants. The functionssi( ) andsj ( ) are defined onR with
values inR.

The initial functions associated with the system~1! are
given by

xi~s!5f i~s!, sP@2t,0#, t5 max
1< i<n

$t j i %,

~3!

yj~s!5w j~s!, sP@2s,0#, s5 max
1< i<n

$s i j %,

where f i( ) and w j ( ) denote real-valued continuous fun
tions defined on@2t, 0# and @2s, 0#, respectively.

An equilibrium of Eq.~1! is denoted by (y*
x* ), wherex*

5@x1* ,x2* ,...,xn* #T, y* 5@y1* ,y2* ,...,yp* #T, and

xi* 5
1

ai
S (

j 51

p

~wji 1wji
t !sj~yj* !1I i D , i P$1,2,...,n%,

~4!

yj* 5
1

bj
S (

i 51

n

~v i j 1v i j
t !si~xi* !1Jj D , j P$1,2,...,p%.

Under certain circumstances, one may want to estimate
rate of convergence of each or some of the neurons in
network. In this section, we employ Halanay-type inequa
ties ~see@18#! to obtain another set of easily verifiable dela
independent sufficient conditions that ensure the global
ponential stability of the equilibrium point. For th
convenience of readers, here we provide a scalar versio
the Halanay inequality discussed in@18#.

Lemma: Halanay inequality. Let v(t).0 for tPR, t
P@0,̀ #, andt0PR. Suppose that

v8~ t !<2av~ t !1bS sup
t2t<s<t

v~s! D for t.t0 . ~5!

If a.b.0, there exist constantsg.0 andk.0 such that
v(t)<ke2g(t2t0) for t.t0 .

We first let
04290
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K15 max
1< i<nH sup

sP@2t,0#

uxi~s!2xi* u J ,

~6!
K25 max

1< j <pH sup
sP@2s,0#

uyj~s!2yj* u J ,

where eitherK1 or K2 is positive.
Theorem.If condition ~3! is satisfied, and letting

ai.(
j 51

p

~ uwji u1uwji
t u!M j , i P$1,2,...,n%,

~7!

bj.(
i 51

n

~ uv i j u1uv i j
t u!Li , j P$1,2,...,p%,

then the equilibrium (y*
x* ) of Eq. ~1! is unique and, moreover

there exists a constanth.0 such that

uxi~ t !2xi* u<Ke2ht, uyj~ t !2yj* u<Ke2ht ~8!

for i P$1,2,...,n%, j P$1,2,...,p%, t.0, where K
5max$K1,K2%.0 and the constantsK1 and K2 are defined
above.

Proof. The proof of the existence of equilibria for Eq.~1!
is similar to that presented in@4,17#. To establish the unique

ness of (y*
x* ), we proceed by supposing the existence of a

other equilibrium (v*
u* ) of Eq. ~1!. We claim thatxi* 5ui* and

yj* 5v j* componentwise for all i P$1,2,...,n% and j
P$1,2,...,p%. Suppose the claim is invalid in the sense th
there exist some components ofx* andu* ~sayxk* anduk* ,
respectively! such thatxk* Þuk* . By using Eq.~3!, we obtain
from Eq. ~4! that

ai uxi* 2ui* u<(
j 51

p

~ uwji u1uwji
t u!M j uyj* 2v j* u,

i P$1,2,...,n%,

bj uyj* 2v j* u<(
i 51

n

~ uv i j u1uv i j
t u!Li uxi* 2ui* u, j P$1,2,...,p%,

which then lead to

akuxk* 2uk* u<0, 0<~ uvk ju1uvk j
t u!Lkuxk* 2uk* u,

j P$1,2,..,p%.

This in turn contradicts the assumption thatxk* Þuk* . Hence,
the claim holds and the uniqueness of the equilibrium
proved.

We can now prove the global exponential stability of (y*
x* )

of Eq. ~1! under condition~7!. We note that (y(t)
x(t)) denotes an

arbitrary solution of Eq.~1! for t.0. We consider the func-
tions Pi( ) andQi( ) defined by
1-2
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Pi~m i !5ai2m i2(
j 51

p

~ uwji u1uwji
t uem it j i !M j , m iP@0,̀ !

~9!

Qj~n j !5bj2n j2(
i 51

n

~ un i j u1un i j
t uen js i j !Li , n jP@0,̀ !

for i P$1,2,...,n%, j P$1,2,...,p%. We notice from condition
~7! that

ai2(
j 51

p

~ uwji u1uwji
t u!M j>j for all i P$1,2,...,n%,

~10!

bj2(
i 51

n

~ uv i j u1uv i j
t u!Li>j for all j P$1,2,...,p%,

wherej5min$j1,j2% and

j15 min
1< i<n

H ai2(
j 51

p

~ uwji u1uwji
t u!M j J .0,

j25 min
1< j <p

H bj2(
i 51

n

~ uv i j u1uv i j
t u!LiJ .0.

It follows from Eqs.~9! and ~10! that Pi(0)>j and Qj (0)
>j for all i P$1,2,...,n%, j P$1,2,...,p%. We observe that
Pi(m i) and Qj (v j ) are continuous form i ,n jP@0,̀ # and,
moreover,Pi(m i),Qj (n i)→2` as m i ,n j→`. Thus there
exist constantsm̃ i ,ñ jP(0,̀ ) such that

Pi~m̃ i !5ai2m̃ i2Li (
j 51

p

~ uv i j u1uv i j
t uem̃ is i j !50,

~11!

Qj~ ñ j !5bj2 ñ j2M j(
i 51

n

~ uwji u1uwji
t ueñ jt j i !50

for i P$1,2,...,n%, j P$1,2,...,p%. By choosing h
5min$m̃1,m̃2,...,m̃n ,ñ1,ñ2,...,ñp%, where obviouslyh.0, we
obtain from Eq.~11! that

Pi~h!5ai2h2(
j 51

p

~ uwji u1uwji
t u!M je

ht j i >0,

~12!

Qj~h!5bj2h2(
i 51

n

~ uv i j u1uv i j
t u!Lie

hs i j >0

for i P$1,2,...,n%, j P$1,2,...,p%. We define functionsXi( )
andYj ( ) as follows:

Xi~ t !5ehtuxi~ t !2xi* u, Yj~ t !5ehtuyj~ t !2yj* u. ~13!

We then use Eq.~13! to derive a system of Halanay-typ
inequalities given by
04290
d1Xi~ t !

dt
<2~ai2h!Xi~ t !

1(
j 51

p

~ uwji u1uwji
t u!M je

ht j i S sup
sP@ t2t,t#

Yj~s! D ,
~14!

d1Yj~ t !

dt
<2~bj2h!Yj~ t !

1(
i 51

n

~ uv i j u1uv i j
t u!Lie

hs i j S sup
sP@ t2s,t#

Xi~s! D .
We notice from Eq. ~13! that Xi(t)<K for all i
P$1,2,...,n%, tP@2t,0# andYj (t)<K for all j P$1,2,...,p%,
tP@2s,0#, whereK.0 is given by Eq.~8!. We claim that

Xi~ t !<K, Yj~ t !<K for all i P@1,2,...,n#,

j P@1,2,...,p#, t.0. ~15!

Suppose that this claim does not hold in the sense that t
is one component amongXi( ) @say,Xk( )] and a first time
t1.0 such that

Xk~ t !<K, tP@2t,t1#, Xk~ t1!5K,
d1Xk~ t1!

dt
.0,

~16!

while

Xi~ t !<K, iÞk, tP@2t,t1#;
~17!

Yj~ t !<K, tP@2s,t1#.

Substituting Eqs.~16! and ~17! into Eq. ~14!, we obtain

0,
d1Xk~ t1!

dt
<2S ak2h1(

j 51

p

~ uwjku1uwji
t ueht j i !M j DK,

and by applying Eq.~12! to the above inequality we obtai
0,d1Xk(t1)/dt<0, which means a contradiction. Cons
quently, the claim~15! must hold. We put Eq.~13! into Eq.
~15! to obtain Eq.~8!, which asserts the global exponenti

stability of (y*
x* ) of Eq. ~1!. The proof is completed. j

Example.Consider the following model:

ẋ1~ t !522x1~ t !10.5 tanhS 2

)
y1~ t2t!D

10.5 tanhS 2

)
y2~ t2t!D ,

ẋ2~ t !522x2~ t !20.5 tanhS 2

)
y1~ t2t!D

10.5 tanhS 2

)
y2~ t2t!D ,
~18!
1-3
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ẏ1~ t !522y1~ t !10.25 tanhS 2

)
x1~ t2s!D

20.25 tanhS 2

)
x2~ t2s!D ,

ẏ2~ t !522y2~ t !10.25 tanhS 2

)
x1~ t2s!D

10.25 tanhS 2

)
x2~ t2s!D .

We can easily obtainMi( j 51
n uwji

t u52/).1. Hence, the
condition in @2# is not satisfied. Letl i5ln1 j51, then the
condition in @4# is also unsatisfied. It is easy to obtain

V51
4

)
0 20.5 0.5

0
4

)
20.5 20.5

20.25 0.25
2

)
0

20.25 20.25 0
2

)

2 ,

which is not anM matrix. Hence, the conditions of@7# are
not satisfied. We can compute min$bj2Mj(j51

2 uwji
t u%51

22/),0, then the condition in@6# does not hold. If we let
l i52/), ln1 j520/), r 15r 250.5 in @17#, then we can
computed153.2, «15h152).2. Hence, the conditions
in @17# are not satisfied. However, we have

2.
2

)
~ uw11

t u1uw21
t u!5

2

)
, 2.

2

)
~ uw12

t u1uw22
t u!5

2

)
,
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Therefore, by the theorem, the system~18! has a globally
exponentially stable equilibrium.

III. CONCLUSIONS

In this paper, we considered the hybrid BAM with tim
delays and obtained a set of easily verifiable del
independent sufficient conditions for global exponential s
bility. The results obtained generalize and improve those
@2–8,17#. Without the constraints of symmetry of the co
nection weights and differentiability and monotonicity of th
activation functions, we are provided with more freedom
designing the circuitry of hybrid bidirectional BAM neura
networks for certain computational tasks. The results for g
bal exponential stability@see the inequality~8!# can provide
us with relevant estimates on how fast such networks
perform during real-time computations. We remark that,
the circuits of hybrid bidirectional BAM neural networks, th
parametersai ,bj are controlled reciprocally by resistors
Hence, according to the condition~7!, reducing the amoun
of resistance will increase the convergence rate~i.e., the per-
formance! of the networks.
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